ON THE ASYMPTOTIC BEHAVIOR OF SPECTRAL
FUNCTIONS AND RESOLVENT KERNELS
OF ELLIPTIC OPERATORS

BY
SHMUEL AGMON(1) AND YAKAR KANNAI(?)

ABSTRACT

Asymptotic formulas with remainder estimates are derived for spectral fung-
tions of general elliptic operators. The estimates are based on asymptotic
expansion of resolvent kernels in the complex plane.

1. Introduction. Let Q be an open set in real space R" with generic point
X = (Xy,",X,). We denote by H,(Q), m = 0 an integer, the subclass of functions
u € L,(€)) with (distribution) derivatives D% e L,(Q) for all |ozl < m. Here and
in the following a = (a,, -, ,) is a multi-index of length |&| =a, + -+, and

a I a . - 1
Da=D11 ...D:n’ Dk=_15;;’ 1=\/—1
We denote by H " (Q) the class of functions defined on Q and belonging locally
to H,. In H,(Q) we introduce the norm:

@D julwa=] [ = (’;“)wau[zdx]”z

Q jajgm

where dx is the Lebesgue measure and the binomial coefficients

(';’) = m! (o el (m = |y

are introduced for convenience. Under this norm H,(Q) is a Hilbert space.
Let p(x) be a C* positive function on Q. We denote by d,x the measure p(x)dx
and by (, ), the scalar product:

(1.2) (f,8), = J; S(x)g(x)d,x
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We denote by L, (Q) the Hilbert space which is the completion of CF(Q)
(class of infinitely differentiable functions with compact support in Q) under the
norm (f,f)!'%.

Let

(1.3) A=A(x,D)= X a,(x)D*

] Sm
be a linear differential operator of order m with C® coefficients in Q. We denote
its principal part by A’ = A’'(x, D). We assume that A is a positive elliptic operator
and that it is p-formally self-adjoint. That is we assume that

A8 = I ax)E*>0, E=EEm

Jej=m
for all real {=(¢,,--,¢,)#0 and xeQ, and that (Au,v), = (u,Av), for all
u,ve Cg(Q).
We denote by 4 a self-adjoint realization of A4 in L, ,(Q). That is, 4 is a self-
adjoint operator in the Hilbert space L, ,(Q) with domain of definition 27 such
that any u € 27 is a solution in the distribution sense of the differential equation:

(1.4 A(x,D)u = Au

By well known regularity results for weak solutions of elliptic equations (e.g. [1])
it follows from (1.4) that 23 = H'**:(Q). More generally, since 4*is a realization
of A*:

(1.5) Dy HEpo(Q) for k=1,2,--.

Assume that the self-adjoint realization A4 is bounded from below and let {E,}
be its spectral resolution (normalized by left continuity):

E=f tdE, .

It is (essentially) well known that E, is an integral operation:

Ef = fn e(t: %))y, feLa (),

with a C® Carleman type kernel e(t; x,y) called the spectral function of A
(see Gérding [9] and section 2 of this paper). In particular e(t; x,x) is a real
non-negative non-decreasing function of t.

The problem;of the asymptotic behavior of spectral functions was first investi-
gated by Carleman [7] for a class of second order elliptic operators. In more
recent years the problem was studied by many authors for more general operators
(e.g. [14;15] [8;9; 10] [5,6], [12], [4], [2]). In particular Garding [8] proved
that in the general situation discussed above, when p = 1:
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e(t; x,x) — c(x)t ™= o(t"™) as t > + oo,
(1.6)

e(x)=(Q2n)™" d¢.

4'(x,8)<1

Garding has also shown that when A has constant coefficients then the remainder
term o(t”™) in (1.6) can be replaced by the term: O(t™"~1¥™),

For elliptic operators with variable coefficients a remainder estimate in the
asymptotic formula (1.6) is known in the literature only for a class of second
order operators. Avakumovic [3] proved that for the Laplace-Beltrami operator
on a compact Riemannian manifold the remainder term o(¢"?) in (1.6) can be
replaced by O(t"~'"?) (this result was proved explicitly only for n = 3). Recently
S. Agmon proved (unpublished) that for elliptic operators of any order the fol-
lowing estimate for the remainder term in (1.6) holds:

) e(t; x,%) — O™ = 0(1"" ™), t- 4 oo,

where 0 is any number < % in the general case and 6 any number < % if the principal
part A’ has constant coefficients.

The main purpose of this paper is to improve further the last mentioned re-
mainder estimate. We shall prove that (1.7) holds with any 6 < 4 in the general
case and any 6 < 1 if A’ has constant coefficients (actually we shall prove a some-
what more general result, see Theorem 3.2). In this connection we mention that a
short time after the derivation of our results we were informed by L. Hérmander
that he has also obtained very recently the same remainder estimates for the
spectral function. His method, however, seems to be different from the method
employed by us. About our method we shall say here only that it uses a procedure
of estimating kernels introduced in [2] to derive a fine asymptotic expansion
theorem for resolvent kernels of elliptic operators. The proof of this expansion
theorem (Theorem 3.1 and the more general Theorem 6.2) takes up most
of this paper. Once this result is established the remainder estimates for
spectral functions follow easily with the aid of a tauberian theorem due to
Malliavin [13].

In another paper S. Agmon will use a modified approach to derive various
extensions of the results of this paper. In particular, similar remainder estimates
will be proved for the asymptotic distribution formula of eigenvalues. Remainder
estimates will also be proved for spectral matrix functions corresponding to a
self-adjoint realization of an elliptic system of differential operators. The self-
adjoint realization will not be assumed to be semi-bounded.

In conclusion we wish to thank L. Hormander for informing us about his
results and for acquainting us with his recent, as yet unpublished, work [11] on
spectral functions,
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2. Certain integral operators. We shall have to deal with bounded linear
operators T in L,(Q) such that range of T is contained in H,(Q) for some m > 0.
By the closed graph theorem T'is also bounded when considered as a linear trans-
formation from L,(Q) into H;(Q), 0 < j < m. The norm of T when considered as
an operator: L, — H; will be denoted by:

@ IT)=Tla= sp 1o
feLaaQ) ”f ”0,9
We state now one of the principal results of [2] (Theorem 3.1 of [2]) which
will also play a basic role in this paper. In this connection recall that an open
set Q is said to possess the cone property if each point x € Q is the vertex of a
spherical cone of a fixed height and opening contained in Q.

THEOREM 2.1. Let T be a bounded linear operator in L,(Q), Q an open set in
R" possessing the cone property. Suppose that the range of T and that the range

of its adjoint T* are contained in H,(Q) for some m > n. Then T is an integral
operator,

Tf = fn K )f0)dy,  feLa®),

with a continuous and bounded kernel K(x,y) satisfying
(2.2) | KG9 = 0| Tl + | T* || T 57"

where y, is a constant depending only on m,n and on the dimensions of the
cone in the cone property of Q.

Using the last theorem one can easily prove the existence of a continuous
kernel in the more general situation when T is a bounded linear operator in
L, ,(Q) such that the range of T and the range of T* are contained in
H2%°(Q), m > n. To see this let {Q i} j=1,2,-, be a sequence of open bounded
sets possessing the cone property, ﬁj cQ Q;cQ; and UQ;=Q Let
J;i Ly (@) L, (Q;) be the restriction operator restricting fe L, ,(Q) to Q.
Its adjoint J: L, (Q;)— L, ,(Q) is an extension operator extending fe L, ()
aszeroinQ — Q. Let: T; = J;TJ} It is clear that T; can be considered as a bounded
linear operator in L,(£;) and that as such it verifies all the conditions of Theorem
2.1. Applying the theorem it follows that T} is an integral operator with a continuous
kernel K;(x,y) on Q; x Q;. It is easy to see that K(x, ) =Kj(x,y) on Q; X,
for any i<j. Hence the kernel K(x,y) defined by p(y»)K(x,y)=K(x,y) in
Q; xQ, for j=1,2,-, is a well defined kernel on Q X Q such that

2.3) Tf = fn KGO,y
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for all fe L, ,(Q) with compact support in Q. Finally (2.3) actually holds for all
feL, (Q) since K is a Carleman kernel with respect to the measure d,y (indeed
by Sobolev’s inclusion relations: f— (Tf)(x) is a bounded linear functional on
L, (Q) for each fixed x which implies that K(x, -)e L, ,(€)). Thus we have
proved:

THEOREM 2.1. bis. Let T be a bounded linear operator in L, ,(Q) such that
range T and range T* are contained in HY(Q) for some m > dimQ. Then T

is an integral operator of the form (2.3) with continuous Carleman kernel
K(x, y).

As in the introduction we consider now a self-adjoint operator 4 in L, ,(Q)
which is a realization of a p-formally selfadjoint elliptic differential operator A
of order m. Let R, = (4 — A)™! bethe resolvent of 4 defined for every complex A
not in the spectrum of 4. Using (1.5), we have:

range(R,) = range (R¥) = 27 < H*(Q).

Hence, if m > n, it follows from Theorem 2.1 bis. that R, is an integral operator:

RJ=L&mwMMm

with a continuous Carleman kernel R,(x,y). We shall refer to R,(x,y) as the
resolvent kernel of A.

Next assume the 4 is bounded from below but impose no restriction on m.

Let {E,} be the spectral resolution of 4. For any fixed A not in spectrum A and
k=1,2,..., we write:

249 E, =R/ Sz

where

t
Suan= |-,
is a bounded operator. As before, using (1.5):
(2.5) range (R}%) = 93 < H2(Q).

From (2.4) and (2.5) it follows that

range(E) < () Hj*(Q).
i=1
Hence by Theorem 2.1 bis. E, is an integral operator with a continuous (actually

C*) and bounded kernel e(t; x, y). This proves the existence of the spectral function
of 4
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Suppose that A4 is positive and that m > n. In this case both the resolvent kernel
R,(x,y) and the spectral function e(t; x, y) exist. The following relation holds:

26) Ry(x,)) = fo " (¢ = 1) de(t; x, )

where the Stieltjes integral converges absolutely. Formula (2.6) is (essentially)
well known (see [10], [4]). We note that a simple proof of (2.6) can be given with
the aid of Theorem 2.1. Without giving complete details we shall sketch the proof.
Choose a sequence {®y(¢)} of step functions on ¢ = 0, each vanishing for ¢ > ty suf-
ficiently large and satisfying:

X)) [Ov(D = (=D <N Lo - - <Cl+97t

for t 20, C a suitable constant independent of N. Put:
(2.8) Ty = f: [(t = )™t — dy(D]dE.,.
Clearly Ty is an integral operator with a kernel

(2.9) Ky(x,y) = Ry(x,y) — f: ®y(8) de(t; x, ).

Choose any Q, c = Q, , possessing the cone property, and let
JO: L2,p(g) - LZ,p(QO)

be the restriction operator from Q to Q,. Its adjoint Jg: L, ,(Qo) = L, ,(Q) is an
extension operator. Set: Ty'= JoTyJ& Then T} which is a bounded operator in
L, ,(Qo) can also be considered as a bounded operator in L,(Qo). Considered as
such it satisfies the conditions of Theorem 2.1. Some simple computations (using
(2.8) and (2.7)) show that
| T8 Jlo.00 = ONTY), | TH [m,00 = O,

| (T¥)* [m0o = O(1) 2s N> co.
Applying the estimate (2.2) to the kernel p(p)Ky(x, y) of Ty (on Q, X Qp)it follows
from (2.10) that

(2.11) Ky(x,y) = O(N~1*"™) = o(1) as N - oo,

(2.10)

uniformly on Qg X Q,. From (2.11), (2.9) and (2.7) the representation formula
(2.6) follows easily. In particular the absolute convergence of (2.6) for x =y
follows in this way by taking 4 = — 1 and choosing @y = 0, using the fact that
e(t; x,x) is a non-decreasing function of ¢. The absolute convergence of (2.6)
for x # y follows from that for x = y using the following easily established esti-
mate for the total variation of e(¢; x, y) on any finite interval a < ¢ < b (see [4]):
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var e(t; x, y) < [var e(t; x,x) - var e(t; y,y)] /%

3. The main theorems. The key result of our paper is the following asymptotic
expansion theorem for resolvent kernels of elliptic operators.

TuroreM 3.1. Let 4 be a positive self-adjoint operator in L, (Q) which is
the realization of a p-formally self-adjoint (positive) elliptic differential operator:
A(x,D) = X ) sn@u(X)D" of order m>n=dim Q. For each xeQ define 0(x)
as follows: 8(x)=1 if

3.1 IIE |a.(y) ~ a,(x)| = O(|y — x|’) as y—>x

al=m
for all integers p. Otherwise 8(x) = p/(p + 1) where p = 1 is the largest integer
for which (3.1) holds. Let R,(x,y) be the resolvent kernel of A. Denote by d(3)
the distance of A from the positive axis (d(4) = |A| if ReA £0, d(2) = |Im 4]
if ReA 2 0). Then R,(x,x) possesses an asymptotic expansion of the form:

(32 R%0) ~ (=" T e (- m
j=0

valid for A— o in the region: || 21, d(A) 2 [A|' ™"+ where ¢ is any
given positive number, uniformly in x in every compact subset of Q. That is,
for any integer N = 1:

1

N—
(3.2 [(= D' "R,(x,x) = Z ¢,(x)(= 1)~ < Const. {47
1=0

for |A] 21, d() 2| 4]} ~I™*e where the constant in (3.2) depends on N
and ¢ but is independent of x for x in any compact subset of Q. In these formulas
(= A)~™ stands for the branch of the power which is positive on the negative
axis while ¢ (x) are certain C* functions on Q depending only on the differential
operator A. In particular:

(33 o) =0 [ A0+ 17

Before we proceed with the rather long proof of Theorem 3.1 (we shall actually
prove a more general result) we shall show how this theorem, when combined with
tauberian theorem of Malliavin [13], yields the estimates for the remainder in the
asymptotic formula for the spectral function which were mentioned in the in-
troduction. A very simple proof of Malliavin’s theorem is due to Pleijel [16]
who also gave a slight extension of the theorem. It is the following:

THEOREM (MALLIAVIN). Let o(t) be a non-decreasing function for t =0
such that [§(1+ 1) 'do(f) < + co. Suppose that
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ﬁ " (t = 2y do(0) — co( — 2F = O(|A)")

as A— oo in the complex plane along the curve: [ImA|=[A[’, ReA 2 0, where
—1<f<a<0, 0<y<l; ¢, some non-negative constant. Then:

_sinm(a + 1)

(34) O'(t) = —nm—l—)—- Cota+1 -+ O(ta+y) + O(tﬁ+1)

as t— + oo.
We shall now prove the following result.

THEOREM 3.2. Let A be a self-adjoint bounded from below operator in L, ()
which is the realization of a p-formally self-adjoint elliptic differential operator
A(x,D) of order m. Let e(t; x,y) be the spectral function of A. Then:

et; %,%) — [p(x)‘l(zn)'" |

A'(x,5)<1

d¢ ] tmm

(3.5)
= 0 (t(n—O(x))/m+ e)

as t— 4 oo for any & >0, uniformly in x in any compact subset of Q, where
A(x) is the function defined in Theorem 3.1 (12 <6(x)<1). In particular
(3.5) holds with 6(x) replaced by 1/2 in the general case and with 0(x) =1 if
A’ has constant coefficients.

Proof. Without loss of generality we may assume that 4 is positive. Suppose
first that m > n. Let R,(x, y) be the resolvent kernel of 4. By the representation
formula (2.6) we have:

Ry(x,x) = f: (t — )-lde(t; x,x).

Applying Theorem 3.1, using only the first term in the asymptotic expansion (3.2),
we have

(3.6 Ry(x,%) = ¢o(x) (= A" = 0(| 2|71

as A—> oo along the curve |ImA|=|A|'"¢CVm*2 Re 1>1, for any &> 0.
We are now in a position to apply Malliavin’s tauberian theorem to o(f)
= ¢(t; x,x) (a non-decreasing function) with a=n/m—1, f=(n—-1)/m—1
and y=1—(6(x))/m +¢e. From (3.4) it follows that

. _ sin(nn/m) nim (n—0(x))/m+
3.7 e(t; x,x) = — co(x) "™+ O(1 .

By checking the constants in Pleijel’s proof of Malliavin’s theorem [16] one also
finds (since the O estimate in (3.6) is uniform in x in any compact subset of Q)
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that the O estimate in (3.7) is uniform in x in any compact subset of Q. A simple
computation (using (3.3)) shows that the coefficient of "™ in (3.7) is the same as
the coefficient of ¢”™ in (3.5). This proves the theorem for m > n.

Suppose now that m < n. Choose an integer k > n/m and consider the spectral
function e,(t; x, y) of A% Clearly, e,(t; x,y) = e(t'’*; x, y). Moreover, A*is a self-
adjoint realization of 4*, an elliptic differential operator of order km > n.
Hence it follows from the special case of the theorem just proved (noting that the
function 0(x) is independent of k) that
(3.8) e(t'’*; x,x) — [p(x)“(zn)'" dé] gk

A'x,Ek<1

= O(t(n—ﬁ(x))/km+e )

uniformly in x in any compact subset of Q. Replacing ¢ ' by ¢ in (3.8) we obtain
(3.5) and complete the proof.

The remainder of the paper is devoted to the proof of a general asymptotic
formula for resolvent kernels containing Theorem 3.1 as a special case.

4. Preliminary results on fundamental solutions and related kernels. In this
section we consider integral operators acting of functions on R". We denote by
H, =H_/R") the class of functions ueC”(R") such that D*ueL,(R") for
|2] 2 0. By C(R") we denote the class of functions u € C*(R") such that u and
all its derivatives are bounded on R". Let s be a real number. The s-norm of
ueH, is defined in the usual way:

@ lul2 = [ a+leprlac]de
Here and in the following (&) stands for the Fourier transform:

4(¢) = 2m)y™"* f u(x)e ~*dx.
&

Let A(D) be a positive elliptic differential operator with constant coefficients
of order m and with no lower order terms. It is well known that A(D) has a unique
self-adjoint realization in L,(R") which we shall denote by A. The operator A
is positive and its domain of definition is H,,(R"). Let F, =(A—2)"! be the
resolvent of A defined for any complex 4 not contained in the non-negative axis
and denote by F} its jth power (j = 1). As before we denote by d(4) the distance
of A from the positive axis.

LeMMA 4.1. The operator F,’ defines a one to one linear map: H,—H,.
For any two real numbers s, t with s <t < s + jm the following inequality holds:

. . ﬂ, (t—sym
42) | Fif < GyY '—J,—@)—,.—llf I
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for feH,, and |A| 2 1 where y is the ellipticity constant:
(1 + lfl2)m/2

4.3 = Sup ~—————,

@3 N A TV

For t = s the constant in (4.2) can be replaced by 1.

Proof. By Fourier transformation:

G
(44) (Fih@ - COEYTR

which implies that F,’ yields a one to-one-map: H, — H,. From (4.4) it follows
further that

ws Rl -] ngi;é)“lx;*z“ +lePya

. (LH]EPY
= 4]y 4 e cl| f)?
[ vorasiepy Szl g);
where
(1 + lélZ)t-s
c?= S L e
P e [AQ) - A
Clearly C, =d(4)™’ for t =s. Using the estimate | A(£) — 4| = d(4) we have for
s<t<s+jm,|A|21:

a+ep [v(1+A(§))]2(t s)/m

| A(E) — A]2 = | 4(&) — 4|2/
_ [+ AQ) O 1
RGEY | A() — 4[21-26=20m
_ A+1 _ _ _
< 2(t—s)/m 1 + 2(t s)/md l 2j+2(t—s)/m
- A +1 | - —2j420-
< 2i=s)m l 2(t—s)/m 2j+2(t~s)im
S @y|ApPeromagy .

Hence
Ci S G449 a@) =7 for |A| 21,

and combining this estimate with (4.5) we obtain the desired inequality (4.2).

Suppose now that mj > n. It follows from (4.4) that the operator Ff is an
integral (convolution) operator with a continuous and bounded kernel Fj (x, y)
= F,(x - ,0) given by
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ei(x-y) 4

(4.6) sz(x, y=Q2n)"" n m dé.

Moreover the kernel (4.6) has continuous bounded derivations up to the order
mj —n—1 on R"x R" In particular for y = x it follows by a straightforward
computation that for |a| S mj—n—1:

(4'7) (DxaF).j) (x’ x) = (Dx aFi. j) (01 0)

=(-2 (n+laf)/m—j , 27) " éd d
=9 " o GO T
where ( — A)®*1eUm=J s the analytic branch of the power in the complex plane
cut along the positive axis which is positive on the negative axis.
We consider now an operator S; of the form:

(4.8) Sy = Byy1(x, D) Fy"*By(x, D) F;*~* --- F*B\(x, D)
where the B,(x,D) are differential operators of orders /,20, v=1,---,k+1,
with coefficients belonging to CH(R"). We set:

k+1 k

l=2’v; J=Z]v
1

v=1 v=

It is well known that a differential operator B, of the above kind defines a bounded
linear transformation: H;— H,_; for every real s. This follows from the easily
established estimate:

(4.9) | Byt ams, < Coy |

l,, wueH,,

where C, , is a constant depending only on s,/,,n and on a common bound for
the coefficients of B, and their derivatives up to a certain order N = N(s, [,, n).
From the properties of the operators B, and F,’ it is thus clear that S, which is a
well defined linear operator: H,— H,, is (after completion) a bounded linear
operator: H,— H, forany s, tsuchthatt < s + mj — L.

By an alternate application of (4.9) and Lemma 4.1 to the factors of S, it is easy
to see that the following estimates hold for s — I <t <s+ mj—I:

. 2 (t—s+l)/m
wo  solserc BT e,

where 7 is the ellipticity constant (4.3) and C is a constant depending only on
Jj, I, m, n and on the B, (here and in the following when we say that a constant
depends on {B,} we mean that it depends on a common bound for the coefficients
of {B,} and their derivatives up to a certain order N = N(j,l, m,n)). Indeed it
suffices to verify (4.10) for the extreme values t =5 —1 and t =s — I + mj; the
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result for an intermediate ¢ will then follow from the well known interpolation
inequality:

ful, < (Jul )Y@ 0ful, ),y <<y,

Now, the estimate (4.10) for ¢t =s — I + mj follows by considering each factor
F;» of S, as a bounded linear operator: H, - H,,,; Wwith norm estimated in
Lemma 4.1:

em, S B (%—')) /1.

Thus, if C denotes a generic constant depending only on the B, and on j, I, m, n
we have by (4.9) and (4.11):

” Bk+11’-';{kBk'“F;.j1 Blf”s—l+mj =C “ Fi{kBic"'F;{lB1f“s—t+zk+1+mj

|4]

. i .
< C3y JR(T(I)_) | Be+ F3* BuS sty 1y mii= s

< - 2 S

Similarly the estimate (4.10) for ¢ =s — [ follows considering this time each
factor F{* of S, as a bounded linear operator: H, — H, with norm d(4)™ .

From now on we assume that mj — [ = 0 and consider S; as a bounded linear
operator: L,(R™) — L,(R"). 1t is clear that S;* the adjoint of S; in L,(R"), is an
operator of the same type:

(4.11) | F:™f

SF =B{F;" - F"By,,
where B denotes the formal adjoint of B,. We have:

THEOREM 4.1. Suppose that mj — 1> n. Then S, is an integral operator
with a continuous bounded kernel S,(x,y) on R" X R", possessing continuous
bounded derivatives up to the order mj — 1 — n — 1, satisfying the following
estimate:

X A (n+l/m
(4~12) lsl(x: ,V)l £ leOL'Id—('l)T'—, |}'I 2 la

where yis the ellipticity constant and C, is a constant depending only onthe B,
and on j,l,m,n.

Proof. Set m’'=mj—Il. By the preceding remarks S, is a bounded linear
operator in L,(R”) having its range in H,,(R"). Similarly, range (Sy) < H,,(R").
Hence, since m’ > n it follows from Theorem 2.1 that S, is an integral operator
with a continuous and bounded kernel. Moreover, using (4.10) we obtain for the
zero and m’ norms of S; and S¥ (def. (2.1)) the estimates:
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. ALY
<AL

. Ay
[ MEEHe (7%) |4z 1,

; ,1 iim
Isidos@y ¢l

S|

(4.13)

with a constant C depending only on the B, and on j,l, m,n. Applying now the
inequality (2.2) to the kernel S;(x,y) of S;, using (4.13), we find:

|8:(x. )| & Const. (|| S|l + || St )™ | Sa 6~
Il'(’l‘l‘l)/m
aa

< y'¢,
which is the estimate (4.12). Finally, to show that S,(x,y) is continuously dif-
ferentiable up to the order mj — I — n — 1, consider the operator: S¥ = D*S,D?
for any multi-indices «, with |«|+|B|< mj—1—n—1. One checks readily
that S3# is a bounded linear operator in L,(R") which satisfies the conditions
of Theorem 2.1. Hence, S3*/is an integral operator with a continuous bounded
kernel S;#(x, y). Now from the definition of S3it follows that in the distribution
sense:

S5P (x,y) = (= DI DIDIS,(x, y),

which together with the continuity of §5%(x, y) imply the existence of the derivatives
in the classical sense. This completes the proof.
In addition to S, we consider an operator valued function T} of the form:

(4.14) T, = S,G,

where for each complex 4 not on the non-negative axis G, is a bounded linear
operator in L,(R") such that range (G,) and range (Gf) are contained in H,(R")
and such that:

A
6o s 5+ 1Gilase b,

(4.15) \ Ml
|GY[|nsc ¥ o) for |A]21,
¢ some constant.

THEOREM 4.2. Suppose that m > nand mj = 1. Then T, is an integral operator
with a continuous bounded kernel T,(x,y), possessing continuous bounded
x-derivatives up to the order m —n—1, such that

|Al(n+l)/m

j
(4.16) | T(x, )| < &¥'Co PO

for |A] 21,
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where c is the constant in (4.15) and C,, is a constant having the same dependence
as in (4.12).

Proof. Since S, is also a bounded linear operator: H,,— H,, it follows from
(4.14) and the properties of G, that range (T;) and range (T7) are contained in
H,(R"). Hence, since m > n, it follows from Theorem 2.1 that T; is an integral
operator with a continuous and bounded kernel T(x, y). Now, using (4.14), (4.10)
and (4.15) we have:

. i A
B e L L
I/m
= «(3p)'C J(Al)m :
i i Ifm
“4.17’ ” T; ""‘ = " Gl ”m ” S "0 = J(ll) €)4e L(L)j

| |1+l/m

fl

6(3’)‘)', C W .

Also, since for every fe L,(R"):

. l Ijm
| Tt = || S:Gaf|m S BWY' C 'dﬁ)ﬂ
(using (4.10) for ¢t = s = m) we have:
, ; l |1 ; l |1+7/m
(4.17) | Tam = 30'C 57 Gl = 30 C- g -

Combining now (4.17), (4.17)’ and (4.17)" with the inequality (2.2) applied to the
kernel T,(x, y) we arrive at the estimate (4.16). Finally the proof of the differenti-
ability of the kernel T,(x, y) is very much the same as the proof of the differenti-
ability of the kernel S,(x,y) given above. We omit the details.

5. Some properties of commutators. In this section we shall prove some
results for multiple commutators of operators which will be needed later on.
Although the case of interest to us is that of differential operators we shall start
by considering a more general situation. Let M be a linear space over a field
K and let A, B: M —» M be linear operators. Denote by S(r,t) the set of r-vectors
J =(j,-,j,) with integral components 0 <j;<t, i =1,---,r. (The elements of
S(r,t) are multi-indices in R"; to avoid confusion we use here Latin and not
Greek letters). Set |J|=j, + - +j, S()=|Ji%1S(r,{) and denote by
JU(j,+1) (J€S(r)) the vector (j;, +*,j,s j,+1) € S(r+1). Define a zero dimensional
vector (belonging to S(o,1)) to be the empty vector. For the empty vector J = &

set: |J|=0 and & U () =)
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We shall now define inductively multiple commutators [B, 4; J], J non-empty,
in the following way:

(5.1) [B,4;(0)] =B
(5.2) [B,A;(j + )] =[B,4;(j)]Ad — A[B, 4; ()]
(5.3) [B,A4;J U (j,+1)]=[B[B,4;J], 4;(r+1)]

(Note that [B,A4;(1)] = BA — AB is the usual commutator of B and A).
Let AeK be such that A —A=A4— Al is one-one and onto, and set
Fo=(A—- )1

THEOREM 5.1. Let r and k be positive integers. Then

(F,BYy= X [BA;J]JF"*
(54) JeSr,k—1)
r—1

+ X (F:BYF, X [B,A;J U (k)]F/1Th+rs=t
s=0 JeS(r—s—1,k—1)

Proof. We shall proceed inductively in several steps. Consider first the case
r = k = 1. Formula (5.4) reduces then to

which is immediately verified by applying A — A on both sides of (5.5) from the
left.

Suppose that (5.4) has been established already for r=1 and some k, i.e.,
suppose that

k-1

(5.6) F;B= X [B,A;(DIF*" + Fi[B,A; (K)]F;
j=0

is true. Using (5.5) with [B, 4; (k)] replacing B we find that

F,[B,A; (k)] = [B,A;(k)IF, + Fi([B, 4; (k)]4 — A[B, A; (K)DF;
[B, A; (K)JF, + F,[B, A; (k + 1]F; .

Inserting (5.7) in (5.6) we see that

(5.7)

1

k— -
F,B= I [BA;(DIF/" '+ [B,4; (W]FS '+ Fi[B,4; (k + D]F!
j=0

ji=

k
Z [B’A;(j)]Fl}+1+ FZ[B9A;(k + 1)]Flk+l .
Jj=0

Thus (5.4) is proved for r = 1. Assume now that the theorem has been proved
for some r. Then
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(F:BY*'=F,BF,By=F,B X [BA;JIF"*
(5.8) JeS(rk—1)
r—=1
+ X (FBF*'F, X [B,A;J U (k)]F,Itktr=s=1*
s=0 JeS(r—s—1,k-1)
According to (5.6) with B replaced by B[B, A; J] we may write the first sum in
p y
(5.8) in the form
F,B X [BA;J]F, M
JeS(rk—1)
k-1
=X X [B[BA;J]4;QGIFNIHHH

J=0 JeS(r,k—1)

+ T F[B[B,A;J],A;(R)]F,V1*r+x -

JeStrk—1;

According to (5.3) this is equal to

2 [B,A;J]Fl]]l-*.r.'-l
JeS(r+1,k—1)

+ T F[BA;JUk)]FVIH*E

JeS(rk—1)
Inserting this in (5.8) we get
(FAB)r+1 — 2 [B,A;J]Fl|ll+r+1

JeS(r+1,k—1)
(5.9) + T F[B,A;JU(K)]F,M1*k+r
JeS(rk—-1)
r—=1

+ X (FBr*'F, T [B,4;J U (k)]F,1TEr=s=1
s=0 JeSir—s—1,k—1)

= I [B4; RN

JeS(er+1,k~-1)

+ X (F,B)F; z [B,A;J L (K)JF,Pitktr=s
§=0 JeS(r~s,k-1)
But (5.9) is (5.4) with r + 1 instead of r, so that the theorem is proved.
Assume now that there exists a subring % of the ring of linear transformations
from M to M and a function o from Z to the real line so that the following con-
ditions hold:

(5.10) o0) = — ®

(5.11) o(4B) £ o(A4) + o(B)
(5.12) 0(AB — BA) < o(A) + o(B) - 1
(5.13) o) =0 .

o(4) is called the order of A.
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LemMMA 5.1. Let JeS(r),r>0. Then

(5.149) o[B,A;J1 < |J|o(4d) +ro(B)—|J]| .
Proof. If r =1 then (5.14) reads:
(5.15) o([B,4;(N]) < jo(4) +o(B)—j .

When j =0, (5.15) follows from (5.1). Assume that (5.15) has been proved for
a certain j. Using (5.2), (5.12), and the induction hypothesis, we find that

o[B,4;( + D] = o([B,4;()]A — A[B, 4;(/)] < o([B, 4; ()] +0(4) — 1
< jo(A) + o(B) —j + o(4) — 1
= (J+Do(A)+oB)—-(j+1)

which proves the theorem in the case r = 1. Assuming that the theorem has been
proved for a certain r, we get from (5.3), (5.11) and (5.15) that

o([B, 4;J U (jr+ D)) = o([B, 451, 4; (4 1)]) S jr410(4) + 0o(B[B, A;J]) = jr 41
£ Jr+10(A) + o(B) + o([B, A;J]) — jr 41

Jr+10(4) + o(B) + |J|o(A) + ro(B) —|J| —jr+,
|7V Gren)|0(4) + (+ Do(B) = |T U (rs) |

and thus the theorem is proved for every r.

LemMMA 5.1 will be applied in the sequel to the case where M is the linear
space H(R") and # is the ring of differential operators with C,° coefficients.
In this case we denote by o(4) the usual order of the differential operator 4. We
conclude this section by establishing for commutators of differential operators
a result which we shall need later on. In this connection let us agree to say that
a C” function u(x) has a zero of type p at a point x° (p > 0 an integer) if u and
all its derivatives up to the order p — 1 vanish at x°,

IA

IA

THEOREM 5.2. Let [B,A;J] be a multiple commutator of two differential
operators B, A (J = j(y,-,j,)). Suppose that the coefficients of the principal
part of B possess a zero of type p> ]JI/r at some point x°eR". Put
N;= IJI(O(A) — 1) + ro(B) (so that o([B,A,;J]) £ N; by (5.14)) and write:

(5.16) [B,A;J]= X b, ,(x)D"

{a] SNy
Then each coefficient b, ; for Ny—r+|J|[p<|a¢| £ N; has a zero of type
(r+|a|-=Npp—|J| at x°.

Proof. For the purpose of the proof it is convenient to agree that for any
integer ¢ < 0 the statement: “‘u(x) has at a point x° a zero of type q” is a true
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statement which holds in the emptly sense. With this convention we have to prove
that each coefficient b, ; has a zero of type (r + |«| — Ny)p — | J | at x0. We shall
prove this using a double induction on J. We shall first show that if the theorem
is true for J = (j,,--,j,) then it is also true for J' = (j,**,f, -1, J, + 1). Indeed,
let A= X a,D" By definition, using (5.1) — (5.3):

I X b, (x)D*=[B,A4;J'] = [B,A;J] A — A[B,A4;J]

a| SNy’

(5.17) > T [b..D%a,D7;(D)].

IBlSNs  [y1Sol4)
From (5.17) it is clear that the coefficient b, ;. is a linear combination of terms
of the form:
(5.18) by D%a, or a Dby,

with |B|+|y| =12 |«| where B’ is a multi-index such that ="+ " and
a=pB"+y, B’ some complementary multi-index, and similarly y’ is a multi-
index such that y =y’ + 9", a = B + y” for some y”. Note that these restrictions
imply that |8’| 21, |7| 21 and that (in the last case):

|8 =|a|=v"|=]a|+]v'] = 7]

To prove the theorem for J' it will suffice to show that each of the terms (5.18)
has at x a zero of type (r + || — N;)p — | J’|. Now by the induction assumption
the coefficient b, , has at x° a zero of type (r + || — Nj)p — |J|. Hence, since
|ﬂ|>|a|+1—|y|>|a|+1—o(A) and Nj.=Ny+o(d) -1, |[J'|=|J|+1,

we find that a term by ;D?'a, has at x° a zero of type:

(r+|B|=Npp—|J|2(r+]|a| +1—0(4)—Njp—|J|
>(@r+|a]=Npp-|J'|

Similarly, since |B|=|«|+|y’|—|7|Z|«|+]|7'| —o(4) and |y'|Z1, we
find that the term a,D”'b, ; has at x° a zero of type:
+[B[=Nop—[J]=[¥']

2 (r+|a|+[y'| - o(4) = Nyp—|J]|=|7']
= (r+|a|+1=0)=N)p-(J|+ D+ @-D(|y'|-D
g (r+|a|—N_,')p—'J'|.

These computations show that the theorem holds for J’ as claimed.

We shall complete the proof by induction on r. Suppose first that r = 1. By
the result just proved in order to establish the theorem for J = (j,) it suffices to
show that the theorem holds for J =(0). This, however, is trivial since
[B,4;(0)] = B and one checks readily that the statement of the theorem in this
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case reduces to our assumption on the coefficients of B. Hence the theorem holds

or r = 1. Next assume that the theorem holds for some r. We shall show that it
holds for r+ 1. Using again the result established above it will suffice to prove the
theorem for J° = J U (0) where J = (j,,---,j,). Now, letting B = X b,D° we have:

X b, ;D" = [B,A4;J%]=B[B,4;J)]
X X bDb, D).
B Y

I

(5.19)

From (5.19) it follows that b, ;o is a linear combination of terms of the type:
(5.20) b,D'b, ;

with || £ o(B), |y| £ N; and where B’ is a multi-index such that g =g’ + ",
B” + 7 =ua for a certain complementary multi-index f”. Note in particular that
these relations imply: |y|=|«|+|B’| - |B|. Consider a typical term (5.20)
and assume first that || < o(B) — 1. Using the induction assumption together
with the estimate |y| 2 |a| +|B’| — o(B) + 1, we find that D’b, ; has at x° a
zero of type:

r+|y[=Npp—|J|=|B'|2(r+|a|+]|B| - o(B) + 1=Nyp—|J || F'|
=(r+1+|a|-Nop—|Jo|+(p-D|p'|2(r+1+]|a|=-Nop~]|J
(using also that Njo = N, + o(B) and |JO| =]|J]|).

Next suppose that | §| = m. In this case b, has a zero of type p at x9. Using
this, the induction assumption and the estimate: |y|2|a|+ |B’| — o(B), it
follows that b,D*b, , has at x° a zero of type:

p+(r+|y|=Npp-|J]|-|#|
z2 (l+r+]a)+|p'|—oB)~Nyp=|J]|-|F]
Z (r+1+4]a]—Npp-]|Jo|.
The above computations show that b,;0 has at x° a zero of type
(r+1+a|=Np)p—|J°),
which is the desired result for 7 + 1. This completes the proof.

6. The asymptotic expansion of resolvent kernels. We shall first discuss a class
of operators on R". Let A(x,D) be a positive elliptic differential operator on R”,
p-formally self-adjoint and of order m > n. We assume that the coefficients of A
are in CJ(R"), that pe C3(R") and that p(x) = § > 0, § some constant. We also
assume that 4 is uniformly elliptic: A'(x, )= C|&| ™for x and ¢ in R", C a positive
constant. Considering 4 as a symmetric operator in the Hilbert space L, (R"

with domain Cg'(R") we denote its closure by A. It is well known? that A4 is a
self-adjoint operator with domain of definition H,(R"). Moreover, A is the unique
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self-adjoint realization of 4 in L, ,(R"). All these facts follow easily from the
a-priori estimate:

[l = Const.(]| Au flo + ]

which holds for u e H,(R") and from the regularity theory of weak solutions
elliptic equations (e.g. [1]). In addition it follows from Gérding’s inequality that
A is bounded from below. In the following we shall assume without loss of general-
ity that 4 is positive.

Consider now the resolvent operator R; = (4 — 2)™*. From our previous dis-
cussion it follows that R, is an integral operator in L, ,(R") with continuous
and bounded kernel R,(x,y). Since L, ,(R") and L,(R") are the same function
spaces on which two equivalent Hilbert norms are defined, we may consider
A and R; as operators in L,(R,). We shall denote by G, the resolvent operator
R, when considered as an operator in L,(R"). It is an integral operator with a
kernel: G,(x, y) = R,(x, y)p(»). The operator G,: L, — L, can also be considered
as an operator: L, — H,,. We have the following norm estimates:

= A
a [Gulos cd)™, 6l e 1ok,

6% 5 ¢ b for |21,

c a constant, where as before d(1) denotes the distance of A from the positive axis.
Indeed the first inequality is immediate since 4 is a positive operator in L, ,(R").
To derive the second inequality write G, in the form: G, = G_; U, where
U,=(A+1)((A—-A"". Clearly U, is a bounded operator in L, whose norm
when considered as an operator: L, ,— L, , does not exceed

|t+1] |A|+1 |/1|
<14+
L A=t w2 raw

Al

AN ulnogcji_@.

The last estimate in (6.1) follows of course from the second noting that
Gy* = pGyp™!

We proceed mow to derive the asymptotic expansion of Gy(x,y). To
this end we fix an arbitrary point x° in Q and set: Ay(D)= A'(x% D),
B(x,D) = A'(xy, D) — A(x, D). As in section 4 we denote by A, the unique self-
adjoint realization of 4, in L,(R") and by F, the resolvent of 4y, F, = (Ao = M7
Let fe L,(R") and set u = G, f. We have:

(4o — A = (A — A)u + Bu =f + Bu,

for |A| 2 1.

Hence:
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so that

u=F,f + F,Bu,
or equivalently

G, =F, + F,BG,.
Hence

(6.2) Gl = FJ,+F).BGA=F1+FIBF;’+(F23)ZGA="‘=

-1
= X (F,BYF,+(F:B)'G,
r=0

for every integer [ = 1.

Considering 4y, B and F, as linear operators: H, —~ H_ (note that 4,— A
is one-to-one from H , onto itself) we apply Theorem 5.1 to (F, B)". After completion
in L,(R") it follows from (5.4) and from (6.2) that

-1
G=F,+X X [B, do; JIF, MI*r*1

r=1 JeS(rk—1)
-1 r-1

(6.3) + X X (FB)F, z [B,Ag; J U (k)]F,WItktr=s

r=1 s=0 JeS(e—s~1,k-1)
+ (F;,B'G,,

where k is an arbitrary positive integer.

According to Lemma 5.1 the order of the differential operator [B, 44; J] for
JeS(r)isatmost: | J | (m — 1) + ro(B). If A" has constant coefficients o(B) < m —1
and o([B,Ag; JPS(|J|+r)(m—1). In the generall case: o([B,Aq;J])
<(|J]+ 1) (m — 1) + r. Consider the right hand side of (6.3). Clearly F, is an
integral operator with a continuous and bounded kernel F (x, y) = Fy(x — y,0).
Using the results of section 4 and our estimate on the order of [ B, 4,; J] it follows
that every term [B,A,; J]F,”!*"*! which appears in the first sum in (6.3) is
an integral operator with a continuous and bounded kernel

([B, 4; JIF P+ (x, y).
Set:

(6'4) H’)‘."(x7 y) = G}.(x9 y) - F}.(x’ )’)
-1
- Z Z  ([B,Ag; JIFFT 1) (%, ).
r=1 JeSrk=1)

Then H%'(x,y) is the kernel of the operator given by the sum of the two last
members of (6.3).
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Our object is to estimate H%!(x,y). To this end consider first the operator
given by the one before last member of (6.3). It is a sum of operators:

6.5 (F,BYF.[B, Ag; J U (k)]F, W1 +k+r=s

with1£r<Il-1,08sSr~-1.JeS(r—s—1, k—1). According to Theorem
4.1 the operator (6.5) is an integral operator with a continuous and bounded
kernel such that (since o([B,A4q;J U (k)] < (|J| +ky(m—1)+(r—s)o(B):

66  NEBEBAGTUMIEITT ()|

= Cam

ll'u/m (Il‘lil(;)l/m)|l|+k+r. Illr(a(B)—M'f'I)/m

for lll = 1. Here and in the following C denotes a generic constant which is
independent of A,x,y and x° (C depends however on k and /).
In particular it follows from (6.6) that when o(B) < m:

|((F:BY'Fi[B, 403 J U ()]F1*4777%) (x, y) |

|1|n/m llll—l/m k+1
<
=Ca ( a0 )

6.7

for d(1) = |).|1'”"', M] =1.
If o(B) = m it follows from (6.6) that if k 21+ (I —1)/em for some fixed

&£ >0, then:
|(F:B)F3[B, Ag; J W (R)]F,F1 57775 (x, y)|

|A|n/m. Illl—llm !
=S ( @ )

6.7y

for d(A) z |A['71"* A 2 1.
Consider now the last member of (6.3). Since G, verifies (6.1) it follows from
Theorem 4.2 that (F;B)'G, is an integral operator with a continuous and bounded

kernel such that

, “‘lnlm. Hla(B)/m
68  |(F:B)G)(x.»)|=C ad ( d(3)

Suppose that o(B) < m. From (6.8). (6.7), (6.3) and (6.4) we obtain for HY?
the following estimate when k=1 —1:

1
), BEDR

iy ¢ L (LA
(69) mensc o (Ca)

for d(A)z |A]'"Y", [Al 21
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When o(B)=m the estimate (6.8) does not give us the information we look for.
In this case, however, we shall show that (6.8) can be replaced by a better estimate
if x is restricted to a small neighborhood of x© which depends on A. To this end
apply formula (5.4) to (F,B)' and write (F;B)'G, in the form:

(F:BYG,= X [B, A JIFM*G,
(610) JeSl,q—1)
1-1
+ I (FBF; z [B,4p; J U (@)]F1Heti=s71 G,
s=0 JeS(l-s—-1,g-1)

where ¢ = 1 is an integer to be fixed later on. Consider a typical term in the first
sum on the right hand side of (6.10). According to Theorem 4.2 [B,4,;J]F}'1*'G,
is an integral operator with a continuous and bounded kernel

([B, Ao; JTIFFM11G)) (%, ).
Write:

(6.11) [B,Ay;J] = I b, (x;x)D;,  JeS(),

lalsNs
where Ny =|J| (m — 1) + Im (note that the b, ; are C;° functions in x and x9).
By our definition of B it is clear that the coefficients of its principal part B’ vanish
at x°, We shall denote by p = p(x©) the largest integer = 1 such that all the coef-
ficients of B’ possess a zero of type p at x0. If no such largest integer exists, i.e. if
all the coefficients of B’ possess a zero of infinite order at x°, we let p = + oo.
We set:
(6.12) 0=0(x0) = 2 (i <0< 1)

p+1 2 =" =)
and

M,=M,(x°)=min{N,,N,-—l+-LII)—'—}, JES(I).

By Theorem 5.2 the coefficients b, ; in (6.11) vanish at x = x° for |«|> M,.
Observe that

1 p IJI)
My —— Ny + —— [N, =1+ 1L
(6.12)' d P+1 g P+1( ! p

1
= (|J|+l)(m—1)+l—pf_1 g 1 =(7]+ D (m = 6).

We proceed now to estimate the kernel:

(6.13) ([B,Ag; JIFPV'G) (x, )= X b, 4o(x,x0) (DF,M' G) (%, )
la|SNs

with Je S(l,q — 1). Consider first a term in the last sum with
el <M <(I]+ D) (m~06)
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(by (6.12)"). Applying Theorem 4.2 to the operator D*F,”!**G, it follows from
(4.16) that

. + An/m A |]/m

oD Gy | s L LD
(6.14) |AJim g a]i-om \Wi | f)afr-omy
=C du)'( ) ) =C ( 6 )

for d(A) 2 |A|' %™, || 2 1. Next, if M; < N;, consider a term in the sum (6.13)
with | a| > M;. By Theorem 5.2 the coefficient b, ; (as a function of x) has at x0 a
zero of type (Ja] — M;)p. Restrict x to a neighborhood:

(6.15) [x— x| g]a|~

where we set

(6.15) p' = p'(x%) = min{p, 0},

Q being an arbitrary but fixed integer > 1 (independent of x©). Clearly for such x:
(6.16) | Ba,s| £ C| 4|71

Apply now Theorem 4.2 to the operator D°F,"1*G,. It follows from (4.16), (6.16)
and (6.12)’ that

o DF16) (1)) 5 cl e tm I
we A AT+
(6.17) I}-I"/m llll—olm [+ llln/m l/‘lll_oim !
=G Ca) 3¢ (Ca)

for d(#) = |A|*~%", |A| 2 1. Combining (6.13), (6.14) and (6.17) we conclude
that

R A (fafom
619 0BT (o) 5 ¢ G ()

for d(A) = |A|'"%", A2 1 and x satisfying (6.15).
Apply now Theorem 4.2 to the operator:

(6.19) (F;B)F,[B, Ay; J U (9)]F, 1+ 175716,
with JeS(l—s~1, g—1), s<1-1. Since
o[B,Ap; JU@I (V| + @) (m =)+ m(I - 5),

it follows from Theorem 4.2 that (6.19) is an integral operator with a continuous
and bounded kernel satisfying:
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|((FaB)FA[B, 4o; J U (@]F,"1*47571G)) (x, )|
l}'ln/m llll—l/m
d(d) ( d(4)

(6.20)

] +q+l
<cC ) [ |A)z L

For any given ¢ > 0 we choose now g in (6.20) as the smallest integer g > I/ms.
With this choice we have:

|(FiBY'Fi[B, 405 J U @IF 4175716 (x, )|

llln/m . |Al1—1/m 1
= ¢ (a@)

(6.20y’

for d) Z |A|'7Yme, |Al 2 1.
Combining now (6.10), (6.18) and (6.20)' we find that

, A" (JA] oA
(6.21) |(F:BY Gy (% 0)| < C s ( d(A) )

for d(4) = max{|A['~%" |A]'"Y"**}, |A] 21, and x verifying (6.15). Finally,
from (6.3), (6.4), (6.7)' and (6.21) we find that when o(B)=m the kernel
H%' for k= 1+ (I — 1)/em verifies the estimate:

Illn/m. IAII-O/m 1
(%) ( a4 )

for d(%) = max{|A|'~%", |A['7V"*2}, |A| 21, and x satisfying (6.15).
Summing up we have proved the following result.

(6.22) |Hy'x. ] s C

THEOREM 6.1. The kernel G,(x,y) of the resolvent R,=(A4 — A)~* (considered
as an operator in L,(R") has an asymptotic representation of the form:

i
G =Fi%y) + T I ([do—4, A; JIFVI*" 1) (x, )

(6.23) r=1 Je Sk
ol (2"

with Ay = A'(x° D) (x® a fixed point), F,= (A, — 2", such that:
(i) If A’ has constant coefficients then =1, k and | any integers with
k21—120; the O estimate holds for A— oo in the region

d || (4] 21,

uniformly in x,y and x9.

(ii) If A’ has variable coefficients then 0 is given by (6.12), k and I any positive
integers with k[l 21+ (em)~?* for any given ¢ > 0; the O estimate holds for
A= o in the region: d(2) 2 max{|A|'~™, |A|' T 12| 2 1, for any y
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but x restricted to the neighborhood (6.15) of x°. Under these restrictions the O
estimate is uniform in x,y and x°.

The asymptotic representation formula of G,(x, y) takes a particularly simple
form on the diagonal of R" X R". As a matter of fact in this case (6.23) can be
replaced by an asymptotic series expansion in powers of ( — 1) ~/™ To see this
take in (6.23) x = y = x0. From (4.7) it follows that

(6.24) (= D™ Ay — A, Ag; JIFPITTH1Y (x4, %0)

is a polynomial in (— A)"*/™ with coefficients which are C% functions in x°.
It is easy to check (using Theorem 5.2) that the constant term in this polynomial
is zero. Also, Fy(x%,x%) = go(x%) (= )™ with

(625) 89 = (0" | [+ 11714

These observations and Theorem 6.1 show that on the diagonal the kernel G,
has the asymptotic series expansion:

(6.26) G(x®,x%) ~ (= Y1 T g (x) (= Ay
j=0

with coefficients g; which are Cy functions in x° (g; for j > 0 is the sum of the
coefficients of (—A)™#™ in the polynomials (6.24) taken over all Je S(r,k),
r=1,--,1 where ! is chosen large enough so that (I + 1)8 > mj). The asymptotic
expansion (6.26) holds in the usual sense for 1 — oo in the region:

d(/‘l)glxll—(llm)i-e, |}~|%1,
if A’ has constant coefficients, and for 41— co in the region
d(A) z | A|tTOme 4] 21,

in the general case. Here ¢ is an arbitrary fixed positive number. The asymptotic
expansion in the regions mentioned is uniform in x%eR".
Recall that the standard resolvent kernel of A4 is the kernel

Ri.(x’ .V) = p(y)—lG}.(x9 y)

(the kernel with respect to the measure d,y = p(y)dy). The asymptotic expansion
which we have derived for R,(x, x) (via (6.26)) is precisely the asymptotic expansion
(3.2) of Theorem 3.1. Thus we have proved Theorem 3.1 for the class of operators
A in L, (R").

We now extend Theorem 6.1 to the case of a self-adjoint realization of an
elliptic differential operator on Q for any open set Q < R".

TueoreM 6.2. Let A be a positive self-adjoint operator in L, (Q) which is
the realization of a p-formally self-adjoint (positive) elliptic operator A(x,D)
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of order m > n (p and the coefficients of A belong to C*(Q)). Let Ry(x, y) be the
resolvent kernel of A. Then the conclusion of Theorem 6.1 holds for the kernel
G,(x,y) = p(y)R\(x, y) with the modification that the statements on the uniform
dependence of the O estimate in (6.23) hold for x,y and x° restricted to any
compact subset of Q.

As above Theorem 6.2 yields for G,(x%, x°) the asymptotic series expansion (6.26)
valid for A— co in the region: d(4) 2 |A|'~/™*% |4]| 2 1, if A’ has constant
coefficients, and in the region: d(A) = |A|'"@™*%, [1| 2 1, in the general case
(the expansion being uniform in x° in every compact subset of ). Now, the
existence of such an expansion is precisely the statement of Theorem 3.1. Thus
we see that Theorem 6.2 implies Theorem 3.1 as a special case.

For the proof of Theorem 6.2 we shall need the following:

LemMa 6.1. For every complex A which is not on the non-negative axis, let T,
be a bounded linear operator in L,(Q) such that its range and the range of its
adjoint T are contained in Hi*(Q), m > n. By Theorem 2.1 bis. T, is an integral
operator with a continuous kernel K,(x,y). Suppose that

6.27) | 7| = 70(15, ¢ a constant.

Suppose moreover that there exist positive elliptic differential operators A(x,D)
and A,(x,D) (C* coefficients) of order m such that

(6.28) (A(x,D) = )T, f=0 and (Ay(x,D) — )T} =0

Jfor all fe Ly(Q), Then for every integer j=0 and every Q,c < Q (i.e. Q, open,
Q, compact and Qq < Q), the following estimate holds:

Ij’l"/m . (Ill 1-1/m\ j

62 swlkenlsclls (Be—) 1z

where C is a constant independent of A.

Proof. It will suffice to prove (6.29) for Q, with a smooth boundary. We
first prove that for Qo c=Q and j=0,1,2,---:

l 1-1/m
” T}.f"o 9 = d(/l) (I tli(l‘l,) ) ”f“o,n,

1 Tlusn 5 gl (FLY p1pe

for all fe L,(L2). Here and in the following C, C,, ---, denote constants independent
of A or f. Indeed, write u = T, f and note that by assumption: Au = Au. Using well
known a-priori estimates for solutions of elliptic equations we have:

(6.30)
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(631) [ #]m.00 = Cil] A4 0.0+ 0.
A
= Cu(4]+ 0 Jufons €L 1o

for | A| 2 1, by (6.27). (6.31) together with (6.27) yield (6.30) for j = 0. We continue
by induction. Suppose that (6.30) was proved for j we shall prove it for j + 1,
To this end observe that our assumption that 4 is a positively elliptic operator
implies that A can be written in the form: 4 == A% 4 B where B is an operator
of order £m —1 and A° is a formally self-adjoint operator such that

(6.32) " v "o,n = d(/l)-l" (40— “o,n

for all ve H,(Q) with compact support in Q. Now, given Q, choose Q; with a
smooth boundary such that Qy'c « Q, < = Q. Pick { e CF(Q,) such that {=1 on
Q,. Write as before u = T, f and apply (6.32) to v ={u. We have:

633  |#loacsuloasdd=] (4= H @) oa
S A4~ H € [o.0+ Cod® = t]lm-1,0,
s Csd(l)d”"”m-l,ms

since (4 — A)u = 0. We now apply the well known interpolation inequality:

(6.34) |t |m-1.00 S 7] 2575, | 2 [mi™

y a constant. Using our induction assumption, it follows from (6.30) (applied
to Q,) and (6.34) that

j) 1—=1/m\ j+1
(6.35) l|u||,.-1,ni.s_vc(l—|7@—) 1£]l0.0:

Combining (6.33) and (6.35) we obtain the first inequality (6.30) for j + 1. To
derive the second inequality we use again the interior a-priori estmates:

[# oo < Cs(]| 44 0.0, + [#]o.00
= C3(IA‘I + 1) " u "0,01 é 2C3|Al ” nf"o,ﬂn IAI g 1'

Combining (6.36) with the first inequality (6.30) with j replaced by j + 1 (which
we have just established for all Q, c < Q) we obtain the second inequality (6.30)
for j + 1. This completes the proof of (6.30).

Let, now, Jo:Ly(Q) — L,(Q,) be the restriction operator from Q to Q, (Q, as
above with a smooth boundary). Its adjoint J§ : L,(Q,) - L,(Q) is an extension
operator. We define: T; o = JoT;J. It is clear that T, , is a bounded operator
in L,(Q,) which verifies the conditions of Theorem 2.1 (its kernel is K,(x,y)
restricted to y X Q). From (6.30) it follows that

(6.36)
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C llll—llm i
(6.37) | Tolowe = 5 ( b )

2] (LAt
Iiolmar = 5 ()

Since T} is an operator with the same properties as T, the estimates (6.30) also
hold for T3 Hence:

. 4] (1A
[ollan 5 € 35" (Si)

(6.37)

Applying now the inequality (2.2) to the kernel of T, 4, using the norm estimates
(6.37) and (6.37)" we obtain (6.29). This establishes the lemma.
We conclude with the

Proof of Theorem 6.2. Let Q, = < Q. Choose a real function p°(x)e CZ(R")
such that p°(x) = p(x) on Q,, p°(x) = 6 > 0 on R", and then choose a p°-formally
self-adjoint uniformly elliptic operator A°(x, D) on R” with C? coefficients such
that A° coincides with the given elliptic operator 4 on €. (The proof that the
extension A° of A exists is standard). Let 4 °be the unique self-adjoint realization
of A% in L, ,o(R". A° is semi-bounded from below. Without loss of generality
we shall assume that 4° is a positive operator as this may always be achieved by
adding a large positive multiple of the identity to both operators A® and A. Let
RJ(x, y) be the resolvent kernel of A° and let G2(x, y) = p°(»)R3(x, ). We define
operators S; and S} from L,(Q,) into L,(Q,) by:

5,/ = fa,, Ri(%, ) )y, S3f = fg RSCe, DI )y,

fe Ly(Q,). We set:
T,=5,—8%.

It is easily seen that T, verifies the conditions of Lemma 6.1. Indeed, T} is a bounded
linear operator in L,(Q,) with range in H,(Q,). The same is true for its adjoint
since T = Ty That the estimate (6.27) holds is obvious from the relation of S,
and S to the resolvent operators of A and A,. For fe L,(Q,) we have:

(A= DT,f = (A= DS;f —(4° - A)&?f:%— - ;fa=0,

since 4 =A4° and p=p° on Q,. Similarly, (4 — 1) T;*f = 0. Hence, applying
Lemma 6.1 to the kernel of T}, we find that for every Q; c = Q, and every integer
j 20, the following estimate holds:
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ln/m ll—l/m]

By Theorem 6.1 the kernel Gf(x,,y) has the asymptotic representation (6.23).
Combining this with (6.38) (taking j =1+ 1), it follows that the asymptotic
formula (6.23) also holds for the kernel G,(x y). This proves the theorem.

(6.38) Sup. |Gix,y) - Gz, | £ C a0
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